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Abstract
This is the first in the series of articles stemming from a systematical investigation of finite edge-transitive
tetravalent graphs, undertaken recently by the authors. In this article, we study a special but important case
in which the girth of such graphs is at most 4. In particular, we show that, except for a single arc-transitive
graph on 14 vertices, every edge-transitive tetravalent graph of girth at most 4 is the skeleton of an arc-
transitive map on the torus or has one of these two properties:
(1) there exist two vertices sharing the same neighbourhood,
(2) every edge belongs to exactly one girth cycle.
Graphs with property (1) or (2) are then studied further. It is shown that they all arise either as subdi-
vided doubles of smaller arc-transitive tetravalent graphs, or as line graphs of triangle-free (G,1)-regular
and (G,2)-arc-transitive cubic graphs, or as partial line graphs of certain cycle decompositions of smaller
tetravalent graphs.
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The investigation of symmetry has always been one of the most fruitful approaches to the
study of a given mathematical structure and has often yielded strong and deep results of wide
interest to many areas of mathematics. It is therefore not surprising that the study of different
aspects of symmetry in graphs forms a significant part of current research efforts in graph theory.
The symmetry of a given graph Γ is usually “measured” in terms of the action of its automor-
phism group Aut(Γ ) on the vertex-set V (Γ ) and the edge-set E(Γ ).
The topic of this article is the class of (finite simple) graphs for which the group of automor-
phisms acts transitively on the edges. Such graphs are called edge-transitive. More generally,
a connected finite simple graph Γ with a group of automorphisms G  Aut(Γ ) is said to be
G-edge-transitive if G acts transitively on E(Γ ). It is well known that if Γ is G-edge-transitive,
then exactly one of the following occurs:
(1) G acts transitively on the arc-set A(Γ ) of Γ (and thus also on V (Γ )). The graph Γ is then
said to be G-arc-transitive.
(2) G acts intransitively on A(Γ ) but transitively on V (Γ ). Such a graph Γ is said to be (G, 12 )-
arc-transitive. In this case, G has exactly two orbits on A(Γ ) with each orbit containing
exactly one of the two ordered pairs (u, v), (v,u) for every edge {u,v} ∈ E(Γ ) (see [21]).
In particular, the valence of Γ is even. An (Aut(Γ ), 12 )-arc-transitive graph Γ is also called
1
2 -arc-transitive.
(3) G acts intransitively on A(Γ ) as well as on V (Γ ). In this case G has two orbits on each of
these two sets. Moreover, Γ is bipartite and each bipartition set is an orbit of G (see [7]).
Such a graph Γ is said to be G-bitransitive. Note that a G-bitransitive graph need not be
regular; however, if it is, then it is called G-semisymmetric. A graph Γ is bitransitive (semi-
symmetric) if it is Aut(Γ )-bitransitive (Aut(Γ )-semisymmetric).
Each of the above three families of edge-transitive graphs has been extensively studied in the
last few decades, with the emphasis given to the edge-transitive graphs of low valencies; in partic-
ular, valence 3 (see [2,3,19,20] for the arc-transitive, and [1,5,6,8,11,12] for the semisymmetric
case—note that there are no 12 -arc-transitive cubic graphs).
The present authors are beginning an investigation of edge-transitive graphs of valence 4.
Preliminary results suggest that among these, the graphs of girth 4 are in many ways special, and
deserve a careful treatment on their own. To see this, consider the following:
The existing results on edge-transitive graphs of valence 3 are mainly based on the fact that the
size of the vertex-stabiliser Gv in a G-edge-transitive graph is bounded above by a constant value
(3 · 24 for arc-transitive [19], and 3 · 27 for semisymmetric graphs [8]). As examples show, no
such bound exists for tetravalent graphs. In fact, tetravalent edge-transitive graphs with arbitrar-
ily large vertex-stabilisers exist for each of the three possible types: Consider the lexicographic
products Cn[K2] for the arc-transitive type, their subdivided doubles (defined in Section 4.1) for
the semisymmetric type, and see [13] for the 12 -arc-transitive type. What is more, with the ex-
ception of the 12 -arc-transitive type (for which the issue has not been addressed yet), examples of
such graphs for which the vertex-stabiliser in a minimal edge-transitive group of automorphisms
is arbitrarily large exist as well (see [4] for the arc-transitive type, and [16] for the semisymmet-
ric type). However, all known edge-transitive tetravalent graphs admitting automorphism groups
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tional in this sense, and poses the following question:
Question 1.1. Does there exist an integer M , such that every tetravalent edge-transitive graph Γ
for which the size of the vertex-stabiliser in every edge-transitive group G  Aut(Γ ) is at
least M , has girth 4?
Since methods similar to those used in the case of cubic graphs could be used to study tetrava-
lent edge-transitive graphs with small vertex-stabilisers, a positive answer to the above question
would show that the treatment of the girth 4 case is, in some sense, essential.
The main result of this article is a classification of edge-transitive tetravalent graphs of girth at
most 4, formulated and proved in Section 5. A discussion of this result with guidelines for future
work follows in Section 6.
2. Preliminaries
In this section we introduce some notation and review some known facts pertaining graphs
and group actions on graphs.
All the graphs in this paper are finite and simple. Unless specified otherwise, they are tacitly
assumed to be connected. If V = V (Γ ) is the vertex-set of a graph Γ , then the edge-set of Γ
will be viewed as a subset of the set {{u,v} | u,v ∈ V, u = v}. An arc (or also a dart) of a graph
Γ is an ordered pair (u, v) such that {u,v} is an edge of Γ . The vertices u and v are called the
tail and the head of the arc (u, v), respectively. An orientation of Γ is a set A of arcs of Γ such
that for every edge {u,v} of Γ exactly one of the arcs (u, v) and (v,u) is in A. The pair Γ =
(V ,A), obtained from such an orientation A, is called an oriented graph. The neighbourhood
{v | {u,v} ∈ E(Γ )} of a vertex u ∈ V (Γ ) will be denoted by Γ (u). The size of Γ (u) is called the
valence (or also the degree) of u. A graph in which all vertices are of the same degree k is said to
be a regular k-valent graph; in particular, 3-valent graphs are called cubic graphs, and 4-valent
graphs are called tetravalent graphs. Similarly, if there exist integers k1, k2 such that the valence
of every vertex in Γ is either k1 or k2, then Γ is biregular of valence {k1, k2}. The order of a
graph is the size of its vertex-set. A permutation of V (Γ ) is an automorphism of Γ whenever it
preserves adjacency. The group of all automorphisms of Γ will be denoted by Aut(Γ ).
If s is a positive integer, then an s-arc in a graph Γ is a sequence (v0, . . . , vs) of s +1 vertices
of Γ in which every two consecutive vertices are adjacent and every three consecutive vertices
are pairwise distinct. If GAut(Γ ) is such that for every vertex v ∈ V (Γ ) the stabiliser Gv acts
transitively on the set of all s-arcs of Γ starting in v and there is at least one such s-arc, then
we say that Γ is locally (G, s)-arc-transitive. If in addition Γ is G-vertex-transitive, then G acts
transitively on the set of all s-arcs of Γ , in which case we say that Γ is (G, s)-arc-transitive. If
the action of G on s-arcs is regular (that is, if for any two s-arcs there exists exactly one element
of G mapping one to another), then we say that Γ is (G, s)-regular. As usual, if G = Aut(Γ ),
the symbol G in the above notation may be omitted, as may be the number s if s = 1. It is easy
to see that every locally G-arc-transitive graph is either G-arc-transitive or G-bitransitive; and
conversely, that every G-arc-transitive or G-bitransitive graph is locally G-arc-transitive.
A cycle of a graph Γ is a connected subgraph of Γ of valence 2. The girth of a graph is the
length of a shortest cycle in the graph. A shortest cycle of a graph will also be called a girth
cycle.
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graphs (complements of complete graphs) Kn, the complete bipartite graphs Kn,n, the n-
dimensional cubes Qn, and the cycles Cn. For graphs Γ and Δ we shall use the symbol Γ [Δ]
to denote their lexicographic product; that is, the graph with vertex-set V (Γ ) × V (Δ) and an
edge between (u, x) and (v, y) whenever either {u,v} ∈ E(Γ ), or u = v and {x, y} ∈ E(Δ). In
particular, we shall call the graph Cn[Kk] a wreath graph and denote it by W(n, k). Further, the
graph obtained by removing the edges of a perfect matching in Kn,n will be referred to as de-
pleted complete bipartite graph, and denoted by DKn,n; this graph is the canonical double cover
of Kn. The incidence graph of Fano’s plane, the projective plane with 7 point and 7 lines, is a
cubic graph often called the Heawood graph. Its bipartite complement, the non-incidence graph
of the Fano plane, is a tetravalent graph which is, surprisingly, arc-transitive. This graph, the last
in our list of named graphs, plays a special role in our analysis.
For a graph Γ and B1,B2 ⊆ V (Γ ), let Γ [B1,B2] denote the graph with vertex-set B1 ∪ B2
and edge-set {{u,v} | u ∈ B1, v ∈ B2, {u,v} ∈ E(Γ )}. In particular, let Γ [B] = Γ [B,B]. Note
that Γ [B1,B2] is bipartite whenever B1 and B2 are disjoint.
If Γ is a graph and B a partition of V (Γ ), then the quotient graph ΓB is the graph with vertex-
set B and an edge between two distinct elements B1,B2 ∈ B whenever Γ [B1,B2] is not a void
graph. If GAut(Γ ), B is a G-invariant partition of V (Γ ), and K is the kernel of the action of
G on B, then ΓB admits a natural action of G/K as a group of automorphisms. Moreover, if the
action of G on Γ is vertex-, edge-, or arc-transitive, then so is the action of G/K on ΓB .
3. A structural result
In this section we prove an auxiliary result which sorts the edge-transitive tetravalent graphs
of girth at most 4 into four classes. The first class consists of all “girth-tight” graphs.
Definition 3.1. A connected graph Γ is said to be girth-tight if every edge of Γ belongs to
exactly one girth cycle.
As we shall see later, girth-tight tetravalent edge-transitive graphs of girth 3 correspond bi-
jectively to certain families of cubic arc-transitive graphs (see Section 4.2), while girth-tight
tetravalent edge-transitive graphs of girth 4 and order n correspond to certain cycle decomposi-
tions of tetravalent arc-transitive graphs of order n2 (see Section 4.3).
The second class of graphs consists of “unworthy graphs” (this notion was defined in [22] for
semisymmetric graphs).
Definition 3.2. A graph is said to be unworthy if it contains two vertices with the same set of
neighbours, and is worthy otherwise.
For example, all the graphs W(n,2) are unworthy. Unworthy tetravalent edge-transitive
graphs will be considered in Section 4.1.
The third class comprises all edge-transitive maps of type {4,4}, that is, maps of valence 4
and face-length 4, for which the automorphism group (of the map) acts transitively on edges. The
Euler formula implies that the underlying surface of such a map is either the Klein bottle or the
torus. We show in [23] that the only edge-transitive maps of type {4,4} on the Klein bottle have
skeletons which are not simple graphs or are W(n,2). The paper [10] describes all maps of type
{4,4} on the torus, and points out that all such maps admit symmetries which act as 180◦ turns
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slightly, we can denote a map of type {4,4} on the torus by {4,4}A, where A is a 2 by 2 matrix of
integers having non-zero determinant. Regarding the columns of A as vectors, and letting G be
the group of translations generated by those vectors, the map {4,4}A is formed from the square
grid by identifying all vertices (faces, edges) in the same orbit under G.
The edge-transitive maps are given by matrices of two kinds:
(1) if A = [ b c
c −b
]
, then the map is the well-known regular map {4,4}b,c having b2 + c2 vertices
and faces, and the isometry which interchanges the parallel classes of edges is a rotation
by 90◦;
(2) if A = [ b c
c b
]
or A = [ b c−b c
]
, then the map is edge-transitive but not regular. It has |det(A)|
vertices and faces, and the interchanging isometry is a reflection about an axis at 45◦ to the
grid.
That these are the only edge-transitive maps of type {4,4} on the torus was first shown in
[18, Theorem 5.9].
Finally, the fourth class consists of only one graph, the bipartite complement of the Heawood
graph (see Fig. 9).
Theorem 3.3. Let Γ be a (connected simple) edge-transitive tetravalent graph of girth at most 4.
Then at least one of the following holds:
(1) Γ is girth-tight;
(2) Γ is unworthy;
(3) Γ is the skeleton of an edge-transitive map of type {4,4} on the torus;
(4) Γ is the bipartite complement of the Heawood graph.
Proof. We split the analysis into two cases according to whether the girth of Γ is 3 or 4.
Case I. Suppose first that the girth of Γ is 3. We shall prove that then Γ is either girth-tight,
or isomorphic to K5 or W(3,2). Since W(3,2) is unworthy, and since K5 is the skeleton of the
edge-transitive map {4,4}2,1 on the torus, either (2) or (3) will then hold.
Note first that since Γ is not bipartite, it has to be vertex-transitive, and hence either arc-
transitive or 12 -arc-transitive. If it is not girth-tight, then there exists a pair of adjacent vertices,
call them v1, v3, sharing at least two neighbours, say v2, v4. Let v5 denote the fourth neighbour
of v1 (that is, other than v2, v3 or v4). Figure 1 shows a subgraph of Γ .
For i ∈ {1,2,3,4,5}, let Γi denote the graph induced on the neighbourhood of the vertex vi .
Since Γ is either arc- or 12 -arc-transitive, the automorphism group of Γ1 has either one or two
vertex-orbits. In either case the existence of the 2-path on vertices v2, v3, v4 of Γ1 implies that
Γ1 is isomorphic either to K4 or C4. In the former case, the connectedness of Γ implies that
Fig. 1. Girth 3.
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Fig. 3. Two vertices with three common neighbours.
Γ ∼= K5. On the other hand, if Γ1 ∼= C4, then, by vertex transitivity, also Γ3 ∼= C4, implying that
the fourth neighbour of v3, call it v6, is adjacent to v2 and v4, but not to v1.
However, since Γ2 ∼= C4, the vertex v6 is adjacent also to v5, giving rise to the graph in Fig. 2.
Observe that this graph is isomorphic to W(3,2), which is better known as the octahedron. We
have thus shown that Γ is either girth-tight, or isomorphic to one of the graphs K5, W(3,2).
Case II. Suppose now that the girth of Γ is 4. We may assume that Γ is worthy (and therefore
no two vertices of Γ share 4 common neighbours) and prove that (1), (3), or (4) holds.
Subcase II.A. Suppose that there exists a pair of vertices v1, v2 with 3 common neighbours,
say u1, u2, u3. For i = 1,2, let wi denote the fourth neighbour (other than u1, u2, u3) of vi (see
Fig. 3).
We shall call a vertex v a live end of an edge {w,v} in Γ provided that the three vertices in
Γ (v) \ {w} have a common neighbour v′, v′ = v. In this case we shall say that v′ is a twin of
v with respect to {w,v}. For example, the vertex v1 is a live end of the edge {v1,w1}, and v2
is a twin of v1 with respect to {v1,w1}. Since Γ is edge-transitive, every edge must have a live
end. Observe also that since v1 and v2 are at distance 2 in Γ , there exists an automorphism of Γ
mapping v1 to v2 (even if Γ is not vertex-transitive).
If Γ is locally arc-transitive, then v1 must be a live end of every edge with which it is incident.
In this case, let zi denote a twin of v1 with respect to {v1, ui}. The vertices z1, z2, z3 are pairwise
distinct, since otherwise one of them would have four common neighbours with v1. Also, since
the girth of Γ is 4, none of zi coincides with w2. Hence the graph shown in Fig. 4 is a subgraph
of Γ .
It is clear from Fig. 4 that the set Γ2(v1) of vertices at distance 2 from v1 has size 4. Since
v1 and v2 are in the same orbit of Aut(Γ ), it follows that the size of Γ2(v2) is also 4. Hence
Γ2(v2) = {v1, z1, z2, z3}. On the other hand, every neighbour of w2 (other than v2) belongs to
Γ2(v2), implying that Γ (w2) = {v2, z1, z2, z3}. But then Γ ∼= DK5,5, which is the skeleton of the
edge-transitive map {4,4}3,1 on the torus.
Let us now deal with the case where Γ is not locally arc-transitive. Then Γ is 12 -arc-transitive,
and therefore Aut(Γ ) has two orbits on the arcs of Γ , each of them being an orientation of Γ . Let
A be the orbit of Aut(Γ ) containing the arc (w1, v1), and let Γ = (V (Γ ),A) be the correspond-
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Fig. 5. Γ is 12 -arc-transitive.
ing oriented graph. Then Aut(Γ ) = Aut( Γ ), implying that the out-valence and the in-valence of
every vertex in Γ is 2. Note also that every head of an arc in A is a live end of the underlying
edge. We may assume without loss of generality that the out-neighbours of v1 are u2 and u3, but
not u1. Then v1 is a live end of the edge {v1, u1}. Let z1 denote the corresponding twin of v1.
Note that since Γ contains no cycles of length 3, z1 must be a “new” vertex, distinct from all the
vertices in {v1, v2, u1, u2, u3,w1,w2} (see the left-hand side of Fig. 5).
Further, let z2 and z3 be the fourth neighbours of u3 and u2, respectively. Note that z2 = z3,
since otherwise u2 and u3 would have the same neighbourhoods. Also, neither of z2 or z3 could
be one of the previous vertices, since that would induce a cycle of length 3. Since u2 is a live end
of {v1, u2}, the vertices v2, z3 and z1 have a common neighbour x other than u2. Since Γ (v2) \
{u2} = {u1, u3,w2}, x is one of the vertices u1, u3, w2. Also, since z3 /∈ Γ (u3) = {v1, v2, z2, z1},
x could not be u3. If x = u1, then Γ (z1) = Γ (v1), a contradiction. Hence x = w2. Similarly
considering the edge {v1, u3} shows that w2 is also a neighbour of z2 (see the right-hand side of
Fig. 5).
Now, consider the edge {u2, v2}, and suppose first that u2 is its live end. Let x be the cor-
responding twin of u2. Clearly, x ∈ Γ (v1) ∩ Γ (z1), hence x ∈ {u3,w1}. But u3 is not adjacent
to z3, therefore x = w1 is a neighbour of z3. Furthermore, since the in-neighbours of u2 inΓ are v1 and v2, it follows that z1 and z3 are live ends of the edges {u2, z1} and {u2, z3},
respectively. This implies that w1, u3,w2 have a common neighbour x other than z1. Clearly,
x ∈ (Γ (u3)∩Γ (w2)) \ {z1} = {v2, z2}. But v2 is not adjacent to w1, hence x = z2. Observe that,
since Γ (w1) ∩ Γ (w2) = {z1, z2, z3}, w1 is now also a live end of {v1,w1}, implying that every
edge has two live ends. In particular, u3 is a live end of {u3, z1}, and by a similar argument as
above, u1 is adjacent to z2 and z3. But then Γ ∼= DK5,5, contradicting the assumption that Γ is
1
-arc-transitive.2
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Fig. 7. Every edge belongs to three 4-cycles—a ball of radius 2.
This shows that v2 is a live end of {u2, v2}, but not u2. Thus, every edge has a unique live end.
Observe that the live ends of the edges incident with w2 are v2 and z1, but not z2 and z3. This
implies that the edges of the graph in Fig. 5 are oriented as shown on Fig. 6.
It is now easy to show that the orientations of the edges {v2, u3} and {u3, z1} imply that w1
is adjacent to z2 and z3, and similarly, the orientations of {z1, u2} and {u2, v2} imply that u1 is
adjacent to z2 and z3. But then Γ ∼= DK5,5, again contradicting the assumption that Γ is 12 -arc-
transitive.
Subcase II.B. Suppose that no two vertices have more than two common neighbours. Observe
that this is equivalent to saying that any two adjacent edges {a, b}, {b, c} of Γ belong to at most
one 4-cycle. This implies that the number of 4-cycles containing an edge {a, b} is the same as the
number of neighbours x ∈ Γ (b) \ {a} for which the triple {a, b, x} belongs to a 4-cycle. Hence
every edge belongs to at most three 4-cycles.
Since Γ is edge-transitive, there exists an integer k such that every edge belongs to exactly k
cycles of length 4. By the above argument, k  3. If k = 1, then Γ is girth-tight. If k = 2, then
consider the topological space obtained from Γ by identifying the boundary of a disk with each
4-cycle. Since every edge belongs to exactly two 4-cycles, the result is a map, that is, a 2-cell
embedding of the graph Γ into a compact closed surface. Moreover, since Aut(Γ ) preserves the
set of 4-cycles, every automorphism of Γ extends to an automorphism of the map, implying that
Γ is the underlying graph of an edge-transitive map of type {4,4}.
We may therefore assume that k = 3. This implies that every pair of vertices at distance 2
share exactly two neighbours. Let v1 be an arbitrary vertex of Γ and let Γ (v1) = {u1, u2, u3, u4}
be its neighbourhood. Then every (unordered) pair {ui, uj }, i < j , of distinct vertices in Γ (v1)
determines a unique vertex w{i,j} ∈ (Γ (ui) ∩ Γ (uj )) \ {v1} at distance 2 from v1. (We shall
shorten the notation by writing wij or wji instead of w{i,j}.) In particular, there are exactly(4) = 6 vertices at distance 2 from v1, and the graph in Fig. 7 is a subgraph of Γ .2
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Fig. 9. Two drawings of the bipartite complement of the Heawood graph.
Applying the same argument to the vertex u1 in place of v1, we can show that every unordered
pair {w1i ,w1j }, 2  i < j  4, determines a unique vertex z{i,j} ∈ (Γ (w1i ) ∩ Γ (w1j )) \ {u1},
and thus giving rise to the graph in Fig. 8. (Again, we shall also use zij or zji instead of z{i,j}.)
Recall that every path of length 2 in Γ belongs to exactly one 4-cycle. In particular, for each of
the six ordered pairs (i, j) of pairwise distinct indices i, j ∈ {2,3,4}, each of the 2-paths uiw1izij
and w1iuiwij belongs to exactly one 4-cycle. This implies that |(Γ (ui) ∩ Γ (zij )) \ {w1i}| =
|(Γ (w1i ) ∩ Γ (wij )) \ {ui}| = 1. In other words, for every triple (i, j, k) of pairwise distinct
indices i, j, k ∈ {2,3,4}, the following holds:
(1) zij is adjacent to exactly one of the two neighbours {wij ,wik} of ui , and to exactly one of
the two neighbours {wij ,wjk} of uj ;
(2) at most one of the two neighbours {zij , zik} of w1i can be adjacent to wij .
There are two cases to consider: that z23 is not or is adjacent to w23. Suppose first that z23 is
not adjacent to w23. Then by (1) it is adjacent to w24 and w34. Using (2) with (i, j, k) = (2,4,3),
we see that z24 is not adjacent to w24. But then by (1), z24 is adjacent to w23 and w34. Hence,
by (2) with (i, j, k) = (3,4,2), we have that z34 is not adjacent to w34, and so by (1), it is adjacent
to w23 and w24, yielding the graph in Fig. 9. When the graph is redrawn as on the right-hand side
of Fig. 9, it becomes apparent that it is in fact the bipartite complement of the Heawood graph.
This graph, surprisingly, is arc-transitive.
We are now left with the possibility that z23 is adjacent to w23. Then, by (1), z23 is adjacent
neither to w24 nor to w34. Moreover, by (2), neither of z24 and z34 is adjacent to w23, so by (1),
z24 is adjacent to w24 and z34 is adjacent to w34. But then by (1), neither of z24 and z34 is adjacent
to any other vertex wij , 2 i < j  4.
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Now, for each i, j, k such that {i, j, k} = {2,3,4}, the 2-path wijuiwik belongs to a 4-cycle,
implying that each pair of the vertices in {w23,w24,w34} has a common neighbour not already
contained in the constructed graph. To keep the valencies of these three vertices at 4, they must
all share a common neighbour, say x. Similarly, to assure that every 2-path belongs to a 4-cycle,
the vertices {z23, z24, z34, x} must share a common neighbour, say y, as in Fig. 10.
The second part of Fig. 10 reveals that this is in fact the graph of the 4-dimensional cube,
which is the skeleton of the edge-transitive map {4,4}4,0 on the torus. This exhausts the possi-
bilities for the graph Γ and completes the proof. 
4. Unworthy and girth-tight graphs
In this section, we study the graphs in families (1) and (2) of Theorem 3.3 in more detail. We
show that every unworthy tetravalent edge-transitive graph is either isomorphic to a wreath graph
W(n,2), or is semisymmetric. In the latter case, we show that it can be constructed from a smaller
arc-transitive tetravalent graph, and that this construction gives rise to a bijective correspondence
between unworthy semisymmetric tetravalent graphs of order 2n and arc-transitive tetravalent
graphs of order n.
As for the tetravalent edge-transitive girth-tight graphs, we show that those of girth 3 corre-
spond bijectively to certain families of cubic arc-transitive graphs, while the ones with girth 4
and order 2n arise naturally from certain decompositions of the edge-sets of edge-transitive
tetravalent graphs of order n. This correspondence is exploited further in [17] as a vehicle for
understanding and constructing infinite families of girth-tight tetravalent edge-transitive graphs
of girth 4.
4.1. Subdivided doubles
We start by presenting a construction which takes an arc-transitive graph of order n as its input
and returns a semisymmetric graph of order 2n as the output. The following definition is slightly
more general than needed for the purpose of this paper.
Definition 4.1. For a k-valent graph Λ and an integer t  2, let DtΛ be the bipartite graph
with the vertex set (V (Λ) × Zt ) ∪ E(Λ) and an edge between vertices (v, i) ∈ V (Λ) × Zt and
e ∈ E(Λ) whenever v is incident with e in Λ. The graph D2Λ will be called a subdivided double
of Λ and denoted by DΛ.
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valence (k,2t) and girth 4. In particular, if Λ is a tetravalent arc-transitive graph, then its
subdivided double DΛ is tetravalent and semisymmetric.
Proof. To show that Γ = DtΛ is a biregular graph of valence (k,2t) observe that every vertex
(v, i) ∈ V (Λ) × Zt is adjacent in Γ to a vertex e ∈ E(Λ) if and only if v was incident with e in
Λ, hence the valence of (v, i) in Γ is the same as the valence of v in Λ, that is k. On the other
hand, the Γ -neighbourhood of e = (u,w) ∈ E(Λ) consists of all vertices of the form (u, i) and
(w, i), i ∈ Zt , showing that the valence of e in Γ is 2t .
Suppose now that g ∈ Aut(Λ) and α is any permutation of the set Zt . Then let (g,α) be
the permutation on V (Γ ) defined by the rule (v, i)(g,α) = (vg, iα) and e(g,α) = eg for every
v ∈ V (Λ), i ∈ Zt , and e ∈ E(Λ). Observe that G = {(g,α) | g ∈ Aut(Λ), α ∈ St } is a group
of automorphisms of Γ , isomorphic to Aut(Λ) × St , and acting transitively on each of the two
bipartition sets of Γ . If e1, e2 ∈ E(Λ) are two neighbours of a vertex (v, i) ∈ V (Λ) × Zt , then
the arc-transitivity of Λ implies the existence of g ∈ Aut(Λ) fixing v and mapping e1 to e2.
If α is any permutation of Zt fixing i, then (g,α) is an automorphism of Γ fixing (v, i) and
mapping e1 to e2. This implies that the stabiliser of every vertex in V (Λ) × Zt is transitive on
the neighbourhood, which together with the fact that G is transitive on V (Λ) × Zt implies that
Γ is G-bitransitive.
The fact that the girth of DtΛ is 4 is obvious. What remains to show is that Γ is not vertex-
transitive. To this end, observe that, for every vertex in V (Λ)×Zt , there exist t −1 other vertices
with the same neighbourhood. Hence if Γ were vertex-transitive, every vertex e ∈ E(Λ) would
have at least one “twin” e′ ∈ E(Λ) with the same Γ -neighbourhood as e. But this would imply
that e and e′ have the same end-vertices in Λ, which contradicts the assumption that the graph Λ
is simple. 
The following lemma characterises unworthy tetravalent edge-transitive graphs.
Lemma 4.3. A tetravalent edge-transitive graph is unworthy if and only if it is arc-transitive
and isomorphic to a wreath graph W(n,2), n  3, or semisymmetric and isomorphic to the
subdivided double of an arc-transitive tetravalent graph.
Proof. Since the wreath graphs W(n,2) and the subdivided doubles of tetravalent arc-transitive
graphs are unworthy edge-transitive graphs, it suffices to show that for every unworthy tetravalent
edge-transitive graph Γ , either Γ ∼= W(n,2) for some n 3, or Γ ∼= DΛ for some arc-transitive
graph Λ.
Let G = Aut(Γ ). For every vertex v ∈ V (Γ ), let Bv = {u | u ∈ V (Γ ),Γ (u) = Γ (v)}, and
let B = {Bv | v ∈ V (Γ )}. Observe that for every two blocks Bu,Bv ∈ B, the induced subgraph
Γ [Bu,Bv] is either void or complete bipartite. Then B is a G-invariant partition of V (Γ ) and the
quotient graph ΓB is edge-transitive. Moreover, the graph ΓB is worthy.
If Γ is vertex-transitive, then G acts transitively on B, and so the sizes of the blocks Bv ∈ B
are all the same, say t . Then Γ [Bu,Bv] ∼= Kt,t for every pair of adjacent blocks Bu,Bv ∈ B,
and hence Γ is isomorphic to the lexicographic product ΓB[Kt ]. In particular, the product of the
valence of ΓB with t is 4. If t = 4, then ΓB is a vertex-transitive graph of valence 1, implying
that Γ ∼= K4,4 ∼= W(4,2). On the other hand, if t = 2, then the valence of ΓB is 2, and hence
ΓB ∼= Cn, implying that Γ ∼= W(n,2).
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Then G acts transitively on the sets BU = {B | B ∈ B,B ⊆ U} and BW = {B | B ∈ B,B ⊆ W }.
In particular, there exist integers s, t such that |B| = s for every B ∈ BU and |B| = t for every
B ∈ BW . Then Γ [Bu,Bv] ∼= Ks,t for every pair of adjacent blocks Bu,Bv ∈ B, and ΓB is a
biregular graph of valence ( 4
s
, 4
t
). If s = t , then Γ ∼= ΓB[K¯t ], and as above, Γ is either a wreath
graph W(n,2), or K4,4. If one of the integers s and t is 4, say s = 4, then ΓB is a (connected)
bitransitive graph of valence (1, 4
t
), and thus isomorphic to K1, 4
t
. But then all the vertices in W
have the same set of neighbours, implying that t = 4, and Γ ∼= K4,4 ∼= W(4,2).
We are then left with the possibility that {s, t} = {1,2}. Then ΓB is a (connected) biregular
graph of valence {4,2}. We may assume without loss of generality that s = 1 and t = 2. Let Λ
be the graph with vertex set U and two vertices adjacent in Λ if and only if they are at distance
2 in Γ . Since ΓB is worthy, every pair of adjacent vertices in Λ share exactly one common
neighbour in ΓB , implying that Λ is tetravalent. Also, ΓB is a subdivision of Λ, and Γ ∼= DΛ.
Moreover, since ΓB is locally arc-transitive, so is Λ, and since G acts transitively on U , Λ is
vertex-transitive. Hence, Λ is arc-transitive, as claimed. 
4.2. Line graph construction
Let Λ be a graph. Then the line graph LΛ of Λ is the graph with vertex set E(Λ) where
two edges of Λ are adjacent in LΛ if and only if they share a vertex in Λ. A graph is said to
be triangle-free if it contains no cycles of length 3 (that is, if its girth is at least 4). A well-
known theorem of Whitney (see, for example, [9]) states that the line graphs of two graphs
are isomorphic if and only if the graphs themselves are isomorphic, unless the line graphs are
isomorphic to C3, in which case the original graphs could be C3 and K1,3, respectively. The
following lemma is a variation of Whitney’s theorem and a result proved by Krausz (see [9]),
which states that a graph is a line graph if and only if its edge-set can be partitioned into cliques
in such a way that any vertex is contained in at most two cliques. The proof is straightforward
and left to the reader.
Lemma 4.4. The construction L induces a bijective correspondence between all (isomorphism
classes of ) cubic triangle-free graphs and all (isomorphism classes of ) girth-tight tetravalent
graphs of girth 3.
Clearly, if an automorphism α ∈ Aut(Λ) is regarded as a permutation on E(Λ), then α is also
an automorphism of LΛ. Hence we may view Aut(Λ) as a subgroup of Aut(LΛ). Similarly, if Γ
is a girth-tight tetravalent graph of girth 3 and β ∈ Aut(Γ ), then β , when viewed as a permutation
on the girth cycles of Γ , is also an automorphism of L−1Λ. Hence we have the following:
Lemma 4.5. If Λ is a cubic triangle-free graph, then the group Aut(Λ), when viewed as a
permutation group on E(Λ), coincides with the group Aut(LΛ).
Observe further that for a cubic graph Λ, edges of LΛ correspond naturally to (undirected)
2-paths in Λ, and that every such two path axb can be uniquely represented by the arc (x, c),
where c is the neighbour of x other than a or b. Hence, edges of LΛ naturally correspond to
arcs in Λ. Similarly, arcs in LΛ naturally correspond to 2-arcs in Λ. Hence G  Aut(Λ) acts
transitively on edges of LΛ if and only if it acts transitively on the arcs of Λ.
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21]) and are now well understood. Every such group G acts regularly (transitively and with a
trivial stabiliser) on the set of all s-arcs for some s  5. Such a group G is then called s-regular,
and the corresponding cubic graph is (G, s)-regular (with the symbol G omitted if G is the full
automorphism group). The following result now follows from the above discussion.
Proposition 4.6. Let Λ be a cubic graph, let Γ = LΛ, and let G be a subgroup of Aut(Λ) 
Aut(Γ ). Then
(1) Γ is (G, 12 )-arc-transitive if and only if Λ is (G,1)-regular;
(2) Γ is G-arc-transitive if and only if Λ is (G,2)-arc-transitive.
Lemmas 4.4 and 4.5 and the above proposition yield the following result, which will be re-
ferred to later.
Corollary 4.7. The mapping L induces a bijective correspondence between
(1) cubic triangle-free 1-regular graphs and tetravalent girth-tight 12 -arc-transitive graphs of
girth 3;
(2) cubic triangle-free 2-arc-transitive graphs and tetravalent girth-tight arc-transitive graphs
of girth 3.
4.3. Partial line graph construction
Applying the line graph construction to a tetravalent graph yields a graph of valence 6. In this
subsection, we modify the line graph construction slightly so that the resulting graph will be of
valence 4. Note that a similar construction for the special case of 12 -arc-transitive graphs was
considered in [14].
Let Λ be a regular tetravalent graph and C a decomposition of E(Λ) into cycles (that is, sets
of edges which induce in Λ connected subgraphs of valence 2). We shall call such a pair (Λ,C) a
cycle decomposition. (Note that we are assuming Λ be a tetravalent graph.) Two edges of Λ will
be called opposite at vertex v, if they are both incident with v and belong to the same element
of C. Note that the set of edges incident with v consists of two pairs of mutually opposite edges.
Definition 4.8. The partial line graph of a cycle decomposition (Λ,C) is the graph P(Λ,C)
whose vertices are edges of Λ, and two edges of Λ are adjacent in P(Λ,C) whenever they share
a vertex in Λ and are not opposite at that vertex.
Every partial line graph P(Λ,C) is clearly a tetravalent graph. A quadruple of edges that are
incident to the same vertex of Λ forms a 4-cycle in P(Λ,C). Such a 4-cycle will be called a
diamond. The set of all diamonds is clearly a partition of the edge-set of P(Λ,C). Note that the
fact that Λ is simple implies that two diamonds in P(Λ,C) share at most one vertex. Also note
that if P(Λ,C) is of girth 4, then it is girth-tight if and only if every 4-cycle is a diamond. We
shall now determine a necessary and sufficient condition for a cycle decomposition to yield a
girth-tight graph of girth 4.
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consecutive edges of C belong to the same element of C. If Λ contains a C-alternating 4-cycle or
a 3-cycle which is not contained in C, then we say that (Λ,C) is crimped. A cycle decomposition
is smooth if it is not crimped.
Lemma 4.10. The partial line graph P(Λ,C) is girth-tight and has girth 4 if and only if (Λ,C)
is smooth.
Proof. We will prove that P(Λ,C) has girth 3 or fails to be girth-tight if and only if (Λ,C) is
crimped (that is, not smooth).
On the one hand, suppose that (Λ,C) is crimped. Then Λ either contains a C-alternating 4-
cycle, or a 3-cycle not contained in C. Assume first that some 3-cycle C in Λ does not belong
to C. If C is C-alternating, then it gives rise to a 3-cycle in P(Λ,C), causing P(Λ,C) to have
girth 3. If not, then two of the edges in C (say e1 and e2) are opposite at some vertex v. Let e3 be
the third edge of C, and let e4 be an edge other than e1, e2 incident to v. Then (e1, e4, e2, e3) is a
4-cycle in P(Λ,C) which is not a diamond. The existence of such a 4-cycle implies that P(Λ,C)
is either of girth 3 or it fails to be girth-tight. On the other hand, a C-alternating 4-cycle in Λ
would again give rise to a 4-cycle in P(Λ,C) which would not be a diamond, completing this
half of the proof.
On the other hand, suppose that P(Λ,C) either has girth is 3 or contains 4-cycles other than
diamonds. In the former case, there exists a C-alternating 3-cycle C in Λ, and so (Λ,C) is
crimped. In the latter case, let C be a 4-cycle of P(Λ,C) which is not a diamond. Then C =
(e0, e1, e2, e3), where ei ’s are edges in Λ such that for every i ∈ {0,1,2,3}, ei and ei+1 (indices
taken modulo 4) have an endpoint vi in common, but are not opposite at vi . There are only three
possible “arrangements” for these edges. They can either form a 4-cycle, in which case this 4-
cycle would be alternating, and thus (Λ,C) crimped. They can form a 3-cycle with an additional
edge attached to it, and such a 3-cycle would not belong to C, again implying that (Λ,C) is
crimped. The last possibility, that the four edges all share an endpoint, would imply that C is a
diamond, violating our hypothesis. In either case, then, (Λ,C) is crimped. 
Lemma 4.11. The mapping P induces a bijective correspondence between the set of (iso-
morphism classes of ) smooth cycle decompositions and the set of (isomorphism classes of )
girth-tight tetravalent graphs of girth 4.
Proof. We shall prove the result by finding the inverse mapping P−1. For a tetravalent girth-tight
graph Γ of girth 4, let Λ be the graph whose vertices are girth cycles of Γ and two such cycles are
adjacent in Λ whenever they share a vertex in Γ . Since Γ is girth-tight, every vertex of Γ belongs
to exactly two girth cycles, and therefore, vertices of Γ correspond bijectively to edges of Λ. We
shall say that two edges of Λ are R-related whenever they correspond to two non-adjacent ver-
tices in Γ belonging to the same girth cycle. Let C be the partition of E(Λ) into equivalence
classes of the transitive hull of R. Since every edge in Λ is R-related to exactly two other edges
in Λ, every element of C induces a cycle in Λ. Hence, (Λ,C) is a cycle decomposition, which will
be denoted by P−1Γ . Observe that PP−1Γ is isomorphic to Γ ; in particular, P−1Γ is smooth.
Similarly, if (Λ,C) is a smooth cycle decomposition, then P−1P(Λ,C) is a cycle decomposition
isomorphic to (Λ,C). This shows that P induces a bijective correspondence between isomor-
phism classes of smooth cycle structures isomorphism classes of tetravalent girth-tight graphs of
girth 4, as claimed. 
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the partition C setwise. The set of all automorphisms of (Λ,C) will be denoted by Aut(Λ,C) and
called the automorphism group of the cycle decomposition (Λ,C). Clearly, if α is an automor-
phism of a cycle decomposition (Λ,C), then (when viewed as a permutation on E(Λ)) it is also
an automorphism of P(Λ,C). Hence, abusing the notation slightly, we can say that Aut(Λ,C)
is a subgroup of Aut(P(Λ,C)). In general, the partial line graph P(Λ,C) might admit automor-
phisms other than those arising from Aut(Λ,C). However, as the following lemma shows, this is
not the case when we restrict ourselves to smooth cycle decompositions.
Lemma 4.12. If (Λ,C) is a smooth cycle decomposition, then the group Aut(Λ,C), viewed as a
permutation group on E(Λ), coincides with the group Aut(P(Λ,C)).
Proof. We already know that Aut(Λ,C)  Aut(P(Λ,C)). By Lemma 4.10, the only 4-cycles
in Γ = P(Λ,C) are the diamonds, and since the set D of diamonds in Γ forms a partition of
E(Γ ), there exists a natural action of Aut(Γ ) on D. On the other hand, every diamond D ∈ D
determines uniquely the vertex vD ∈ V (Λ) for which Λ(vD) is the edge-set of D. In this way, the
action of Aut(Γ ) on D determines the action on V (Λ). It is now straightforward that this action
preserves the adjacency in Λ as well as the set of cycles C. Therefore Aut(P(Λ,C))Aut(Λ,C),
and so Aut(P(Λ,C)) = Aut(Λ,C). 
We shall now restrict ourselves to smooth cycle decompositions (Λ,C) resulting in edge-
transitive graphs P(Λ,C), and investigate the relationship between the symmetry types of (Λ,C)
and P(Λ,C).
Let (Λ,C) be a smooth cycle decomposition and GAut(Λ,C). Clearly Γ = P(Λ,C) is G-
vertex-transitive if and only if Λ is G-edge-transitive. Further, observe that since Γ is girth-tight,
the partition of E(Γ ) into diamonds forms an imprimitivity system for the action of Aut(Λ,C)
on E(Γ ). Hence, if G is edge-transitive on Γ , then G is vertex-transitive on Λ. The converse,
however, does not hold; G might be transitive on V (Λ) but not on E(Γ ). To describe this situa-
tion in detail, we need to introduce the following notation.
Let (Λ,C) be a cycle decomposition, let v be a vertex of Λ, let G be a subgroup of Aut(Λ,C)
acting transitively on V (Λ), and let Gv be the stabiliser of v in G. By GΛ(v)v we shall denote the
local action of Gv on the neighbourhood Λ(v), that is, the permutation group induced by Gv in
its action on the neighbours of v. Let Λ(v) = {u,u′,w,w′} and assume that the edges uv and vu′
belong to the same element of C (that is, they are opposite at v). Then the pair {{u,u′}, {w,w′}}
is a GΛ(v)v -invariant partition of Λ(v). This implies that GΛ(v)v is permutationally isomorphic to
one of the following permutation groups acting on the set {1,2,3,4}:
– the trivial group;
– the degree-2 group (Z2)d=2 = 〈(1,3)〉;
– the degree-4 group (Z2)d=4 = 〈(1,3)(2,4)〉;
– the intransitive group (Z22)
itr = 〈(1,3), (2,4)〉;
– the transitive group (Z22)
tr = 〈(1,3)(2,4), (1,2)(3,4)〉;
– the regular cyclic group Z4 = 〈(1,2,3,4)〉;
– the dihedral group D4 = 〈(1,2,3,4), (1,3)〉.
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For example, if GΛ(v)v ∼= (Z22)itr, then we shall say that G is of local type (Z22)itr. (Note that the
transitivity of G implies that the local type of G does not depend on the choice of v.) Let us
summarise this in a formal definition:
Definition 4.13. Let (Λ,C) be a cycle decomposition and let G  Aut(Λ,C). If G acts tran-
sitively on V (Λ) then we say that (Λ,C) is G-vertex-transitive (or just vertex-transitive if
G = Aut(Λ,C)). If, in addition, GΛ(v)v is permutation isomorphic to a permutation group T ,
where T is one of the above seven permutation groups on 4 elements, then we say that (Λ,C) is
of local G-type T and that G is of local type T . In particular, if G = Aut(Λ,C), then we say that
(Λ,C) is of local type T .
We can now state the following result, which describes the relationship between the symmetry
types of cycle decompositions and the corresponding partial line graphs in detail.
Lemma 4.14. Let (Λ,C) be a smooth cycle decomposition, let G  Aut(Λ,C), and let Γ =
P(Λ,C). Then Γ is G-vertex-transitive if and only if Λ is G-edge-transitive. Furthermore, Γ is
G-edge-transitive if and only if (Λ,C) is G-vertex-transitive of the G-local type (Z22)itr, or Z4,
or D4. What is more:
(1) Γ is G-arc-transitive ⇔ Λ is G-arc-transitive and G is of local type D4;
(2) Γ is (G, 12 )-arc-transitive ⇔ Λ is G-arc-transitive and G is of local type Z4, or Λ is (G, 12 )-
arc-transitive and G is of local type (Z22)itr;
(3) Γ is G-semisymmetric ⇔ Λ is G-vertex-transitive, not G-edge-transitive, and the local type
of G is (Z22)itr.
Proof. The first claim of the lemma follows immediately from the construction of Γ (note that
the vertices of Γ are in fact edges of Λ). Further, since every edge of Γ belongs to exactly one
girth cycle of Γ and since G preserves the partition of E(Γ ) into girth cycles (i.e. diamonds),
edge-transitivity of G implies the transitivity of G on diamonds of Γ , which in turn implies the
transitivity of G on vertices of Λ. The remaining assertions in the first paragraph of the statement
of the lemma follow from the proofs of (1)–(3) below.
Now, let v be a vertex of Λ and let Λ(v) = {u,u′,w,w′} where {u,u′} and {w,w′} are the
pairs of opposite vertices at v with respect to C. The vertex v gives rise to a diamond D in
Γ with vertices u¯ = {u,v}, w¯ = {w,v}, u¯′ = {u′, v}, w¯′ = {w′, v}. Further, let v′ be a vertex
which is opposite to v at w, and let z, z′ be the remaining two neighbours of w. Finally, let z¯
and z¯′ be the vertices of Γ corresponding to the edges {w,z} and {w,z′}, respectively. Then
Γ (w¯) = {u¯, u¯′, z¯, z¯′}, as in Fig. 11.
(1, ⇒): Suppose that Γ is G-arc-transitive. Then by the above argument G acts transitively
on the vertices of Λ. Hence all we need to show is that Gv acts on Λ(v) transitively as D4. Since
G acts transitively on the arcs of Γ , there exists α ∈ G fixing the vertex u¯ and mapping the vertex
w¯ to w¯′. Then α fixes v and u, and thus fixes the diamond D. In particular, α acts on Λ(v) as
the permutation (u)(u′)(w,w′). Similarly, considering the vertex w¯ instead of u¯, we can show
the existence of β ∈ G acting on Λ(v) as (u,u′)(w)(w′). Finally, since G acts transitively on the
arcs of Γ , there exists Λ ∈ G swapping the adjacent vertices u¯ and w¯ in Γ . Such a Λ then fixes v
and acts on Λ(v) as (u,w)(u′,w′). But then 〈α,β, γ 〉 is a subgroup of Gv acting on Λ(v) as D4.
In particular, G is transitive on the arcs of Λ and is of local type D4, as claimed.
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(1, ⇐): Suppose that Λ is G-arc-transitive and G is of local type D4. Then by the definition
of the local types, there exist automorphisms α ∈ Gv , δ ∈ Gw acting on Λ(v) and Λ(w) as
(u,u′)(w)(w′) and (z, z′)(v)(v′), respectively. Also, an automorphism ω ∈ G swapping the Λ-
neighbours v and w induces an automorphism of Γ fixing w¯ and swapping the two orbits {u¯, u¯′}
and {z¯, z¯′} of the group Gw¯ on Γ (w¯). Hence, 〈α,γ,ω〉Gw¯ is transitive on Γ (w¯), and since G
is transitive on the edges of Λ, G is also transitive on vertices, and thus arcs of Γ . This completes
the proof of part (1).
(2, ⇒): Suppose Γ is (G, 12 )-arc-transitive. Then G acts transitively on the edges of Γ , and
therefore also on the vertices of Λ. Note that the vertex stabiliser Gv is precisely the set-wise
stabiliser of the edge set E(D) of the corresponding diamond D, and the groups GΛ(v)v and
G
E(D)
v are isomorphic as abstract groups. Since Γ is G-edge-transitive but not G-arc-transitive,
the stabiliser Gv acts transitively on E(D) but not on the arcs of D. Hence GΛ(v)v , as an abstract
group, is isomorphic either to Z22 or to Z4. In the latter case, the vertex-transitivity of G on Λ
implies that Λ is G-arc-transitive, and the claim of the lemma follows. On the other hand, in
the former case, since GE(D)v is transitive, we have that GΛ(v)v is not transitive and is therefore
isomorphic to (Z22)
itr as a permutation group; in particular, Λ is (G, 12 )-arc-transitive, as claimed.(2, ⇐): Suppose now that either Λ is G-arc-transitive and G is of local type Z4, or Λ is
(G, 12 )-arc-transitive and G is of local type (Z
2
2)
itr
. Then (in either case) Gv acts transitively on
the edges of the diamond D. Since G acts transitively on the vertices of Λ, it also acts transitively
on the set of all diamonds of Γ , implying that Γ is G-edge-transitive. Since it is also G-vertex-
transitive, it is either G-arc-transitive or (G, 12 )-arc-transitive. However, by part (1), the first
option does not occur. Hence Γ is (G, 12 )-arc-transitive.(3, ⇒): Suppose that Γ is G-semisymmetric. Then G is transitive on E(Γ ), and therefore on
V (Λ). Further, since G is not transitive on V (Γ ) it is not transitive on E(Λ). This shows that
G
Λ(v)
v is not isomorphic to D4, Z4, or (Z22)
tr
. If |GΛ(v)v |  2, then by the connectivity of Λ we
have |Gv| 2, and thus |Gw¯| = 2, contradicting the fact that GΓ (w¯)w¯ is a transitive permutation
group. But this leaves us with the possibility (Z2)itr, as required.2
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type of G is (Z22)
itr
. Note that as in the proof of part (2), the stabiliser Gv acts transitively on
the edges of the diamond D, and thus Γ is G-edge-transitive. By parts (1) and (2), it is neither
G-arc-transitive nor (G, 12 )-arc-transitive. Hence it is G-semisymmetric. 
5. The classification theorem
We are now ready to state and prove the main result of this paper, which summarises the results
of the previous sections and presents a detailed classification of tetravalent edge-transitive graphs
of girth at most 4. Recall that we are tacitly assuming that all the graphs in the paper are simple
and connected unless specified otherwise. We extend this assumption to all the graphs in the
following theorem.
Theorem 5.1. Let Γ be a tetravalent graph of girth g  4. Then Γ is edge-transitive if and only
if at least one of the following holds:
(1) g = 3, Γ is arc-transitive and isomorphic to the complete graph K5, or to the octahedron
W(3,2), or to the line graph LΛ for some cubic 2-arc-transitive triangle-free graph Λ;
(2) g = 3, Γ is 12 -arc-transitive, and Γ ∼= LΛ for some cubic 1-regular triangle-free graph Λ;(3) g = 4, Γ is arc-transitive and isomorphic to one of the following graphs:
(a) the wreath graph W(n,2) for some n 4;
(b) the skeleton of an arc-transitive type-{4,4} map on the torus;
(c) P(Λ,C), for a smooth vertex-transitive cycle decomposition of local type D4;
(d) the bipartite complement of the Heawood graph;
(4) g = 4, Γ is 12 -arc-transitive and isomorphic to P(Λ,C), for a smooth vertex-transitive cycle
decomposition (Λ,C) for which either
(a) G = Aut(Λ,C) is of local type Z4 and Λ is G-arc-transitive; or
(b) G = Aut(Λ,C) is of local type (Z22)itr and Λ is (G, 12 )-arc-transitive;(5) g = 4, Γ is semisymmetric and isomorphic to one of the following graphs:
(a) DΛ for some tetravalent arc-transitive graph Λ;
(b) P(Λ,C) for a smooth vertex-transitive cycle decomposition (Λ,C) where Aut(Λ,C) is
of local type (Z22)itr and acts intransitively on the edges of Λ.
Proof. Clearly, if any of (1)–(5) holds, then Γ is indeed edge-transitive. Hence, it remains to
show that if Γ is edge-transitive, then one of the statements (1)–(5) is true. So, let Γ be a tetrava-
lent graph of girth g  4, and suppose Aut(Γ ) is transitive on E(Γ ). In view of Theorem 3.3,
we need to consider three cases: (I) Γ is girth-tight; (II) Γ is unworthy; (III) Γ is the skeleton of
an edge-transitive map of type {4,4}.
Let us start with the case (III). It follows easily from the Euler formula, that the supporting
surface of a map of type {4,4} is either the torus of the Klein bottle. Since every edge-transitive
map on the torus is also arc-transitive (see [10]), we may assume that the supporting surface
is the Klein bottle. But then (in view of the results in [23]), Γ ∼= W(n,2). Hence, one of the
statements (1), (3)(a), or (3)(b) holds.
If Γ is unworthy, then, by Lemma 4.3, either (1) holds (if Γ ∼= W(3,2)) or one of (3)(a),
(5)(a) holds.
Hence we may assume that Γ is girth-tight. Suppose first that g = 3. Then Γ is not bipartite
and so it is either arc-transitive or 1 -arc-transitive. But then, by Corollary 4.7, either (1) or (2) oc-2
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(Λ,C). Moreover, by Lemmas 4.12 and 4.14, (3)(b) holds if Γ is arc-transitive, (4) holds if Γ is
1
2 -arc-transitive, and (5)(b) holds if Γ is semisymmetric. 
6. Final remarks
In view of Theorem 5.1, every tetravalent edge-transitive graph either belongs to a well-
understood family of graphs (wreath graphs, arc-transitive maps on torus, and line graphs of
arc-transitive cubic graphs), arises as a subdivided double of a smaller arc-transitive tetravalent
graph, or is isomorphic to a partial line graph of a “suitable” vertex-transitive cycle decomposi-
tion of a smaller tetravalent graph. This motivates further study of cycle decompositions.
Cycle decompositions which are relevant for our analysis of edge-transitive tetravalent graphs
can be divided into three classes, with respect to which of the three possible types (arc-transitive,
1
2 -arc-transitive, or semisymmetric) of edge-transitivity we are particularly interested in:
(1) for 12 -arc-transitive graphs: smooth vertex-transitive cycle decompositions of local type Z4,
or of local type (Z22)
itr with a 12 -arc-transitive automorphism group;(2) for arc-transitive graphs: smooth vertex-transitive cycle decompositions of local type D4;
(3) for semisymmetric graphs: smooth cycle decompositions of local type (Z22)itr with vertex-
but not edge-transitive automorphism groups.
The first class of cycle decompositions (giving rise to 12 -arc-transitive graphs) was implicitly
considered in [15]. The second class of cycle decompositions arises from tetravalent G-arc-
transitive graphs Λ with GΛ(v)v ∼= D4. Graphs of this type are interesting in their own right,
and can vary in nature and structure significantly. We therefore believe that an in-depth analysis
of this class of graphs makes a well-motivated future research project. The third class of cycle
decompositions, giving rise to semisymmetric tetravalent graphs of girth 4, are the topic of a
separate paper [17].
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